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Gauge conditions for non-abelian Chern-Simons
system consistent with equations of motion
K.Dasgupta∗M.Sami †Pankaj Sharan‡Anupama Mehra
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Abstract
Complete constraint analysis and choice of gauge conditions consistent with
equations of motion is done for non-abelian Chern-Simons field interacting with N-
component complex scalar field.Dirac-Schwinger condition is satisfied by the reduced
phase-space Hamiltonian density with respect to the Dirac bracket.
PACS number(s): 0.350.Kk, 11.10.Ef
In an earlier work [1] it was shown that for abelian Chern-Simons field interacting with
complex scalar field,gauge conditions consistent with equations of motion can be chosen.
It was shown that the choice of gauge conditions crucially determines the transformation
properties in the reduced phase-space and invariance under Lorentz transformations, par-
ticularly under boosts.Invariance under boosts cannot be demonstrated unless the gauge
conditions are consistent with the equations of motion.
In the present paper we summarize our results for a similar demonstration for the non-
abelian Chern-Simons term. This system has been discussed by several authors [2, 3] but,
as far as we know proper gauge conditions have not been chosen for this system. We show
that in this case too gauge conditions can be chosen which are consistent with equations of
motion, even though there is no closed form for the reduced phase-space Dirac brackets.
The Dirac-Schwinger conditions are satisfied, at least formally.This ensures relativistic
invariance.
Lagrangian density for non-abelian Chern-Simons field coupled to N-component scalar
field is of the form
L = [DµΦα]
†[DµΦα] +
κ
4π
ǫµνλTr[Aµ∂νAλ −
2
3
AµAνAλ] (1)
where Φ is N-component scalar field which transforms according to fundamental repre-
sentation of the Lie group SU(N).Here
Dµ = ∂µ −Aµ
Aµ = ig T
aAµ
a
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1
and T a are the fundamental representation matrices.
[T a, T b]− = if
abcT c
[T a, T b]
+
= dabcT c +
1
N
δab
Tr(T aT b) =
1
2
δab
Where dabc and fabc have ususal meaning
Canonically conjugate momenta for Φ and Φ† are called P and P † where
Pα = Φ˙α
†
+ ig Φβ
†Aa0T
a
βα (2)
There are three sets primary constraints
Πρ
a = −
κ
8π
g2 ǫµ0ρAµ
a (3)
i.e
φa0 = Π0
a ≈ 0 (4)
φa1 = Π1
a +
κ
8π
g2Aa2 (5)
φa2 = Π2
a −
κ
8π
g2Aa1 (6)
of which the latter two are second class.
Canonical Hamiltonian density is
Hc = Pα
†Pα + (∂iΦ
†
α)(∂
iΦα) + A
a
0
a
0 + A
a
i 
a
i
+ g2Φ†βA
a
iT
a
βαT
b
αγ +
κ
8π
g2 ǫij [Aa0∂iA
a
j + A
a
i ∂jA
a
0]
+ i
κ
8π
g3 ǫijAa0A
c
iA
b
j [if
abc + dabc]
where
a0 = ig [PαΦβ − P
†
αΦ
†
β ]T
a
βα (7)
ai = −ig [(∂iΦ
†
α)Φβ − Φ
†
β(∂iΦα)]T
a
βα (8)
Adding the primary constraints to the canonical Hamiltonian
Hp =
∫
d2xHc +
∫
d2x(v0φ0 + v
1φ1 + v
2φ2)
and using the basic Poisson’s brackets
φ˙a0 = {Π
a
0(~x, t), Hp} ≈ 0
gives a secondary constraint φa3,
φa3 = 0
a +
κ
4π
g2 ǫij [∂iA
b
j −
g
2
AciA
e
jf
bce] ≈ 0 (9)
2
this can be made into a first class constraint by choosing
ψa = ∂1φ
a
1 + ∂2φ
a
2 + φ
a
3 ≈ 0 (10)
Conservation in time of two second class constraints φa1 and φ
a
2 determines v
1 and v2
which can be substituted back.
To choose gauge conditions for the two first class constraints φa1 ψ we try ∇ · A
a = 0.
This requires, for consistency with equations of motion that
d
dt
(∇ · Aa) = −
4π
κg2
(∂12
a − ∂21
a)−∇2Aa0
−
4π
κg2
[∂1(Φ
†
βT
a
βαT
b
αγA
b
2Φγ)− ∂2(Φ
†
βT
a
βαT
b
αγA
b
1Φγ)]
+
g
2
[∂1(A
e
0A
b
1)− ∂2(A
e
0A
b
2)]f
eba
should be equated to zero. Thus
∇2Aa0 = −
4π
κg2
(∂12
a − ∂21
a)−
4π
κg2
[∂1(Φ
†
βT
a
βαT
b
αγA
b
2Φγ)− ∂2(Φ
†
βT
a
βαT
b
αγA
b
1Φγ)]
+
g
2
[∂1(A
e
0A
b
1)− ∂2(A
e
0A
b
2)]f
eba
There is no closed form solution, but it can be solved iteratively as a formal series [4]
. The result is
χa0 = A
a
0 +
λ
2π
∫
d2yln|x− y|(∂1˜
a
2 − (∂2˜
a
1) + · · · (11)
Where
λ =
4π
κg2
˜a1 = 
a
1 + Φ
†
βT
a
βαT
b
αγA
b
1Φγ
˜a2 = 
a
2 + Φ
†
βT
a
βαT
b
αγA
b
2Φγ
Thus χa0 ≈ 0 is the first gauge condition and χ
a = (∇ · Aa) ≈ 0 is the second gauge
condition.
Using φa1 and φ
a
2 we can form Dirac brackets. Next we can do the same with ψ
a and
χa and put them strongly equal to zero
Therefore
∇× Aa − gǫijAciA
e
jf
ace + λa0 = 0 (12)
∇ · Aa = 0 (13)
These can solved as
Aa1 = −∂2B
a and Aa2 = ∂1B
a
Therefore
∇2Ba + 2g(∂2B
e)(∂1B
c)faec + λa0 ≈ 0 (14)
3
which can be solved for Ba formally just as Aa0 was solved.
Reduced phase-space Hamiltonian density is of the form
Θ00 = P †αPα + (∂iΦ
†
α)(∂iΦα) + A
a
i 
a
i
+ g2Φ†βA
a
i T
a
βαT
b
αγA
b
iΦγ
Dirac-Schwinger equal time condition in reduced phase-space is
{Θ00(x),Θ00(y)} = −∂kδ(~x− ~y)[Θ
0k(x) + Θ0k(y)]
Θ0k = Pα∂
kΦα + P
†
α∂
kΦ†α + A
kcc0 (15)
The transformation for fields can be done through the generators
P k =
∫
d2xΘ0k (16)
Mµν =
∫
d2x[xµΘ0ν − xνΘ0µ] (17)
We therefore see that gauge conditions compatible with equations of motion can be
chosen for non-abelian case also giving qualitatively similar results to the abelian case.
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